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Èäåíòèôèêàöèÿ ñèëû òðåíèÿ
Ðàññìîòðèì ïðîñòóþ ìîäåëü ñèëû òðåíèÿ, Êóëîíîâî è âÿçêîå òðåíèå:

F = Fcsignv + Fvv ,

ãäå Fc � âåëè÷èíà Êóëîíîâà òðåíèÿ, Fv � êîýôôèöèåíòà âÿçêîãî

òðåíèÿ, v � ñêîðîñòü äâèæåíèÿ òåëà.
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Ïóñòü â õîäå íåêîòîðîãî ýêñïåðèìåíòà ìû èçìåðèëè ïàðû çíà÷åíèé

(v1,F1) è (v2,F2), v1, v2 > 0. Òîãäà ìû ìîæåì ëåãêî ïîäñ÷èòàòü:

Fv =
F2 − F1
v2 − v1

Fc = F1 − Fvv1 = F2 − Fvv2
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Íî ÷òî äåëàòü, åñëè ìû èçìåðèëè òðè òî÷êè?
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Íî ÷òî äåëàòü, åñëè ìû èçìåðèëè òðè òî÷êè? Ìíîãî òî÷åê?
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Êàê âîîáùå íàéòè íàèëó÷øóþ àïïðîêñèìàöèþ?
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Ïîñòàíîâêà çàäà÷è

Ðåãðåññèîííàÿ ìîäåëü: y = g(x1, x2, . . . , xm), ãäå íåçàâèñèìûå
ïåðåìåííûå xi � ðåãðåññîðû.

Ëèíåéíàÿ ðåãðåññèÿ: y = x1θ1 + x2θ2 + . . .+ xmθm =
∑m

i=1
xiθi

Ëèíåéíàÿ ðåãðåññèÿ

y = x
>θ

ãäå x ∈ Rm, x = col{xi} è θ ∈ Rm,θ = col{θi}.

Ïðèìåð

F = Fcsignv + Fvv =
[
signv v

] [Fc
Fv

]
= x

>θ

ãäå x =

[
signv
v

]
è θ =

[
Fc
Fv

]
Âàæíî: èñïîëüçóåìàÿ ìîäåëü ýòî òîëüêî àïïðîêñèìàöèÿ.
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Ïîñòàíîâêà çàäà÷è, ïðîäîëæåíèå

Ëèíåéíàÿ ðåãðåññèÿ

y = x
>θ

Ïóñòü ïðîâåäåíî N èçìåðåíèé (y(k), x(k)), k = 1, . . . ,N. Òîãäà ìîæíî
çàïèñàòü y(k) = x

>(k)θ èëè

Y = Xθ,

ãäå Y ∈ RN , Y = col{y(k)} è X ∈ RN×m, X = col{x>(k)},

X =


x1(1) x2(1) · · · xm(1)
x1(2) x2(2) · · · xm(2)
...

...
. . .

...

x1(N) x2(N) · · · xm(N)


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Ïîñòàíîâêà çàäà÷è, ïðîäîëæåíèå

Ëèíåéíàÿ ðåãðåññèÿ

y = x
>θ ⇒ Y = Xθ

Çàäà÷à: íàéòè íàèëó÷øóþ àïïðîêñèìàöèþ. Êàê îöåíèòü êà÷åñòâî

àïïðîêñèìàöèè?

Äëÿ θ̂ íàéäåì îöåíêó ŷ(k) = x
>(k)θ̂ è îøèáêó îöåíèâàíèÿ

e(k) = y(k)− ŷ(k) = y(k)− x
>(k)θ̂,

e = col{e(k)} ∈ RN .

Ñôîðìèðóåì êðèòåðèé êàê ñóììó êâàäðàòîâ îøèáêè:

V (θ̂) = ‖e‖22 = e
>
e =

N∑
k=1

e2(k)

=
N∑

k=1

(y(k)− x
>(k)θ̂)2 =

(
Y − X θ̂

)> (
Y − X θ̂

)
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Ïîñòàíîâêà çàäà÷è, ïðîäîëæåíèå

Ëèíåéíàÿ ðåãðåññèÿ

y = x
>θ ⇒ Y = Xθ

Äåòåðìèíèðîâàííàÿ çàäà÷à ÍÊ

Ïî çàäàííûì Y è X íàéòè θ̂LS = argminθ̂ V (θ̂) äëÿ

V (θ̂) = ‖e‖22 =
(
Y − X θ̂

)> (
Y − X θ̂

)
Âàæíî: â äåòåðìèíèðîâàííîé ïîñòàíîâêå çàäà÷è íå ñòàâèòñÿ âîïðîñ

èäåíòèôèêàöèè íåêîòîðîãî èñòèííîãî çíà÷åíèÿ θ, íå óòâåðæäàåòñÿ
äàæå åãî ñóùåñòâîâàíèå. Âìåñòî ýòîãî ðàññìàòðèâàåòñÿ ïîèñê

íàèëó÷øåé ëèíåéíîé àïïðîêñèìàöèè çàäàííîãî íàáîðà äàííûõ. Òàêàÿ

ïîñòàíîâêà çàäà÷è âñòðå÷àåòñÿ, íàïðèìåð, â ñòàòèñòèêå.
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Ïîñòàíîâêà çàäà÷è, ïðîäîëæåíèå
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y = x
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Ñóùåñòâóåò àëüòåðíàòèâíûé L1 êðèòåðèé

V (θ̂) = ‖e‖1 =
N∑

k=1

|e(k)|

Àðàíîâñêèé Ñ.Â. Ìåòîä íàèìåíüøèõ êâàäðàòîâ Îñåíü, 2014 9 / 31



ÌÍÊ: Òåîðåìà

Äåòåðìèíèðîâàííàÿ çàäà÷à ÍÊ

Ïî çàäàííûì Y è X íàéòè θ̂LS = argminθ̂ V (θ̂) äëÿ

V (θ̂) = ‖e‖22 =
(
Y − X θ̂

)> (
Y − X θ̂

)
Òåîðåìà (Ðåøåíèå äåòåðìèíèðîâàííîé çàäà÷è ÍÊ)

Ìèíèìóì V (θ̂) = (Y − X θ̂)>(Y − X θ̂) äîñòèãàåòñÿ ïðè θ̂ òàêèõ, ÷òî

(X>X )θ̂ = X>Y .

Åñëè Φ ∈ Rm×m, Φ := X>X èìååò îáðàòíóþ, òî

θ̂LS :=
(
X>X

)−1
X>Y ,

V (θ̂) èìååò åäèíñòâåííûé ìèíèìóì:

minθ̂ V (θ̂) = V (θ̂LS) = Y>Y − Y>X
(
X>X

)−1
X>Y .
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ÌÍÊ: Äîêàçàòåëüñòâî

V (θ) = (Y − Xθ)> (Y − Xθ)

= Y>Y − 2Y>Xθ + θ>X>Xθ

V (θ)→ min⇒ ∇θV (θ) = 0

Íåêîòîðûå ôîðìóëû:

∇θV (θ) = grad>θ V (θ) = col

{
∂V (θ)

∂θi

}
∇θ(a>θ) = ∇θ(θ>a) = a

∇θ(θ>Aθ) = (A + A>)θ = (θ>(A + A>)︸ ︷︷ ︸
gradθ

)>

X>X = (X>X )> ≥ 0 � ñèììåòðè÷åñêàÿ.
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ÌÍÊ: Äîêàçàòåëüñòâî, ïðîäîëæåíèå

V (θ) = Y>Y − 2Y>Xθ + θ>X>Xθ

∇θV (θ) = −2X>Y + 2X>Xθ

∇θV (θ) = 0⇔ X>Xθ = X>Y

Ïóñòü X>X èìååò îáðàòíóþ. Òîãäà:

θ =
(
X>X

)−1
X>Y =: θ̂LS

è

V (θ) = Y>Y − 2Y>Xθ + θ>X>Xθ

= Y>Y − 2Y>X
(
X>X

)−1
X>Y + Y>X

(
X>X

)−1
X>Y

= Y>Y − Y>X
(
X>X

)−1
X>Y
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ÌÍÊ: Äîêàçàòåëüñòâî, ïðîäîëæåíèå

Ïðîâåðèì, ÷òî ýòî äåéñòâèòåëüíî åäèíñòâåííûé ìèíèìóì:

V (θ̂LS + θ̃) = Y>Y − 2Y>X (θ̂LS + θ̃) + (θ̂LS + θ̃)>X>X (θ̂LS + θ̃)

= V (θ̂LS)− 2Y>X θ̃ + 2θ̃>X>X θ̂LS + θ̃>X>X θ̃

= V (θ̂LS) + θ̃>X>X θ̃ ≥ V (θ̂LS)

Ðàññìîòðèì ìèíèìàëüíîå çíà÷åíèå V (θ̂) = V (θ̂LS):

V (θ̂LS) = Y>Y − Y>X (X>X )−1X>Y .

Â êàêîì ñëó÷àå îíî íóëåâîå? Ïðè

IN×N − X (X>X )−1X> = 0.

×àñòíûé ñëó÷àé: N = m, X � êâàäðàòíàÿ è det(X ) 6= 0.
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ÌÍÊ: Äîêàçàòåëüñòâî, ïðîäîëæåíèå
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Ñîäåðæàíèå

1 Ïðèìåð: Èäåíòèôèêàöèÿ ñèëû òðåíèÿ

2 Ìåòîä íàèìåíüøèõ êâàäðàòîâ. Äåòåðìèíèðîâàííàÿ çàäà÷à.

3 Ïðèìåð èñïîëüçîâàíèÿ ÌÍÊ äëÿ àïïðîêñèìàöèè

4 Ìåòîä íàèìåíüøèõ êâàäðàòîâ. Ñòîõàñòè÷åñêàÿ çàäà÷à.

5 Ïðîìåæóòî÷íûå èòîãè
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Òðåíèå
Âåðíåìñÿ ê çàäà÷å àïïðîêñèìàöèè òðåíèÿ ìîäåëüþ

F = Fcsignv + Fvv .

Ïóñòü èçìåðåíû òî÷êè (vk ,Fk): (1, 7.3), (1.5, 8.7), (2, 10.2),
(2.5, 11.9), (3, 13.7).
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Òðåíèå
Âåðíåìñÿ ê çàäà÷å àïïðîêñèìàöèè òðåíèÿ ìîäåëüþ

F = Fcsignv + Fvv .
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Çàïèøåì: 

7.3
8.7
10.2
11.9
13.7


︸ ︷︷ ︸

Y

=


1 1

1.5 1

2 1

2.5 1

3 1


︸ ︷︷ ︸

X

[
Fv
Fc

]
︸ ︷︷ ︸

θ

Àðàíîâñêèé Ñ.Â. Ìåòîä íàèìåíüøèõ êâàäðàòîâ Îñåíü, 2014 15 / 31



Òðåíèå
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[
7.3 8.7 10.2 11.9 13.7

]>
=

[
1 1.5 2 2.5 3

1 1 1 1 1

]> [
Fv
Fc

]
X>X =

[ ∑
5

k=1
x1(k)2

∑
5

k=1
x1(k)x2(k)∑

5

k=1
x1(k)x2(k)

∑
5

k=1
x2(k)2

]
=

[
22.5 10

10 5

]

X>Y =

[∑
5

k=1
x1(k)y(k)∑

5

k=1
x2(k)y(k)

]
=

[
111.5
51.75

]
θ̂LS =

(
X>X

)−1
X>Y =

[
3.2
3.95

]
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Ïàðàáîëà

Ðàññìîòðèì çàäà÷ó àïïðîêñèìàöèè äàííûõ ïàðàáîëîé

y = ax2 + bx + c , èëè

y =
[
x2 x 1

] ab
c

 ,
ïî N = 5 òî÷êàì: (x1, y1), (x2, y2), (x3, y3), (x4, y4), (x5, y5).

Òîãäà:
y1
y2
y3
y4
y5

 =


x2
1

x1 1

x2
2

x2 1

x2
3

x3 1

x2
4

x4 1

x2
5

x5 1


︸ ︷︷ ︸

V

ab
c

 ,
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Ìàòðèöà Âàíäåðìîíäà

Ìàòðèöà âèäà

V =


1 x1 x2

1
· · · xm−1

1

1 x2 x2
2
· · · xm−1

2

...
...

...
. . .

...

1 xN x2N · · · xm−1N

 ,
V ∈ RN×m íàçûâàåòñÿ ìàòðèöåé Âàíäåðìîíäà. Äëÿ êâàäðàòíîé

ìàòðèöû Âàíäåðìîíäà îïðåäåëèòåëü

det(Vm×m) =
∏

1≤i<j≤m
(xj − xi ),

ò.å. ìàòðèöà íåâûðîæäåíà, åñëè âñå xi ðàçëè÷íû.
Åñëè V ∈ RN×m, N > m, òî det(V>V ) 6= 0 åñëè rank (V ) = m, ò.å. åñòü

õîòÿ áû m ðàçëè÷íûõ çíà÷åíèé xi .
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Ïàðàáîëà, ïðîäîëæåíèå
Ðàññìîòðèì çàäà÷ó àïïðîêñèìàöèè äàííûõ ïàðàáîëîé y = ax2 + bx + c
ïî N = 5 òî÷êàì: (1, 1), (1.5, 0.75), (2, 1), (2.5, 1.75), (3, 3).

0.5 1 1.5 2 2.5 3 3.5
0.5

1

1.5

2

2.5

3

3.5

X>X =

142.12 55 22.5
55 22.5 10

22.5 10 5

 X>Y =

44.6217.5
7.5


θ̂LS =

(
X>X

)−1
X>Y =

[
1 −3 3

]>
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Ñîäåðæàíèå
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Íåêîòîðûå ïîíÿòèÿ èç òåîðèè âåðîÿòíîñòè

Ïóñòü v ∈ R1 � íåêîòîðàÿ ñòàöèîíàðíàÿ â øèðîêîì ñìûñëå ñëó÷àéíàÿ

âåëè÷èíà.

Ïëîòíîñòü âåðîÿòíîñòè ρ(v):
∫∞
−∞ ρ(v)dv = 1.

Ìàòåìàòè÷åñêîå îæèäàíèå E{v} =
∫∞
−∞ vρ(v)dv . Äëÿ N

èçìåðåíèé Ev (N) = 1

N

∑N
k=1

v(k), Ev (N)→ E{v} ïðè N →∞.

Äèñïåðñèÿ D{v} = E{(v − E{v})2} = σ2v . Åñëè v ∈ Rm, òî

D{v} ∈ Rm×m � ìàòðèöà äèñïåðñèé.
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Íåêîòîðûå ïîíÿòèÿ èç òåîðèè âåðîÿòíîñòè, ïðîäîëæåíèå

Ïóñòü v ∈ R1, µ ∈ R1 � íåêîòîðûå ñòàöèîíàðíûå â øèðîêîì ñìûñëå

ñëó÷àéíûå âåëè÷èíû.

Êîâàðèàöèÿ: cov(v , µ) = E{(v − E{v})(µ− E{µ})}. Àíàëîã
ñêàëÿðíîãî óìíîæåíèÿ. cov(v , v) = D{v}. Äëÿ äâóõ âåêòîðîâ

ïîëó÷àåòñÿ ìàòðèöà êîâàðèàöèé.

Êîððåëÿöèÿ: rv ,µ = corr(v , µ) = cov(v ,µ)
σvσµ

. corr(v , v) = 1.

Ôóíêöèÿ àâòîêîððåëÿöèè: Rv (τ) = E{(v(k)−E{v})(v(k+τ)−E{v})}
σ2v

.

Rv (τ) = Rv (−τ). Rv (0) = 1.
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Íåêîòîðûå ïîíÿòèÿ èç òåîðèè âåðîÿòíîñòè, ïðîäîëæåíèå

Âåëè÷èíû v è µ íàçûâàþòñÿ âçàèìîíåçàâèñèìûìè, åñëè

ρ(v |µ) = ρ(v). Äëÿ íèõ ñïðàâåäëèâî:

E{vµ} = E{v}E{µ}
cov(v , µ) = 0

corr(v , µ) = 0

Åñëè çíà÷åíèÿ v(k1) è v(k2) ÿâëÿþòñÿ íåçàâèñèìûìè äëÿ k1 6= k2 (íå
àâòîêîðåëëèðîâàííûé ïðîöåññ), òî

cov(V ,V ) = D{V } = σ2vI
Rv (τ) = 0 äëÿ τ 6= 0
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Ïîñòàíîâêà çàäà÷è

Äàíî

Áóäåì ïîëàãàòü, ÷òî ñóùåñòâóåò âåêòîð èñòèííûõ çíà÷åíèé θ0, à
ðåçóëüòàòû èçìåðåíèé ïîäâåðæåíû øóìó:

y(k) = x
>(k)θ0 + v(k),

ãäå v � ñëó÷àéíàÿ âåëè÷èíà.

Íàäî

Òðåáóåòñÿ ïî íàáîðó äîñòóïíûõ èçìåðåíèé Y , X ñôîðìèðîâàòü òàêóþ

îöåíêó θ̂, ÷òî E{θ̂} = θ0. Ïðè ýòîì æåëàòåëüíî èìåòü ìàëóþ

äèñïåðñèþ θ̂.

Ãèïîòåçû

Íóæíûå

H1 E{v} = 0.

H2 v � âçàèìîíåçàâèñèìàÿ ñî âñåìè xi . Íàïðèìåð, ðåãðåññîð x �

äåòåðìèíèðîâàííûé.

Ïîëåçíûå

H3 D{v} = σ2v = const.

H4 v(k) � íå àâòîêîðåëëèðîâàííûé ïðîöåññ, ò.å. îòäåëüíûå v(i) è v(j)
âçàèìîíåçàâèñèìû ïðè i 6= j .
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âçàèìîíåçàâèñèìû ïðè i 6= j .
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Ïîñòàíîâêà çàäà÷è, ïðîäîëæåíèå

Äàíî: y(k) = x
>(k)θ0 + v(k).

Íàäî: θ̂: E{θ̂} = θ0.

Ãèïîòåçû

Íóæíûå

H1 E{v} = 0.

H2 v � âçàèìîíåçàâèñèìàÿ ñî âñåìè xi . Íàïðèìåð, ðåãðåññîð x �

äåòåðìèíèðîâàííûé.

H3 det(X>X ) 6= 0

Ïîëåçíûå
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ÌÍÊ, Òåîðåìà 2

Ðåøåíèå ñòîõàñòè÷åñêîé çàäà÷è

Ïóñòü ëèíåéíàÿ îöåíêà ôîðìèðóåòñÿ êàê θ̂LS = (X>X )−1X>Y . Òîãäà

åñëè

E{v} = 0,

ïàðà v ,x âçàèìîíåçàâèñèìû è âûïîëíÿåòñÿ E{vxi} = E{v}E{xi},
òî îöåíêà θ̂LS � íåñìåùåííàÿ, ò.å. E{θ̂LS} = θ0.
Áîëåå òîãî, åñëè

D{v} = σ2v = const,

D{V } = σ2vI, ò.å. Rv (τ) = 0 äëÿ τ 6= 0,

òî θ̂LS � ýôôåêòèâíàÿ îöåíêà, ò.å. íàèëó÷øàÿ â êëàññå ëèíåéíûõ

(BLUE - Best Linear Unbiased Estimation).

Ëèíåéíîñòü

Y = Y1 + Y2 ⇒ θ̂ = θ̂1 + θ̂2 è Y = αY1 ⇒ θ̂ = αθ̂1
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Äîêàçàòåëüñòâî

Ïîêàæåì íåñìåùåííîñòü îöåíêè. Äåéñòâèòåëüíî,

E{θ̂LS} = E{(X>X )−1X>Y } = E{(X>X )−1X>(Xθ0 + V )}
= θ0 + (X>X )−1E{X>V }.

Òàê êàê x è v âçàèìîíåçàâèñèìû è E{v} = 0, òî E{X>V } = 0 è

E{θ̂LS} = θ0.

Ðàññìîòðèì äèñïåðñèþ îöåíêè.

D{θ̂LS} = E{(θ̂LS − θ0)(θ̂LS − θ0)>} = E{(X>X )−1X>VV>X (X>X )−1}

= (X>X )−1X>E{VV>}X (X>X )−1 = σ2v (X>X )−1 .

Àðàíîâñêèé Ñ.Â. Ìåòîä íàèìåíüøèõ êâàäðàòîâ Îñåíü, 2014 26 / 31
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Äîêàçàòåëüñòâî, ïðîäîëæåíèå

Ïîêàæåì òåïåðü, ÷òî ýòà äèñïåðñèÿ ìèíèìàëüíà (â ñìûñëå

êâàäðàòè÷íîé ôîðìû) ñðåäè âñåõ íåñìåùåííûõ ëèíåéíûõ îöåíîê.

Ðàññìîòðèì íåêîòîðóþ íåñìåùåííóþ ëèíåéíóþ îöåíêó θ = MY ñ

íåêîòîðîé ìàòðèöåé M.

Òàê êàê E{θ} = θ0, òî E{MXθ0}+ E{MV } = θ0 è MX = I. Ïðè ýòîì

D{θ} = E{MVV>M>} = σ2vMM>.
Ðàññìîòðèì ðàçíîñòü Q := D{θ} − D{θ̂LS} è ïîêàæåì, ÷òî Q ≥ 0.

Q = σ2v

(
MM> − I(X>X )−1I>

)
= σ2v

(
MM> −MX (X>X )−1X>M>

)
= σ2vM (I − P)M>,

ãäå P := X (X>X )−1X>, ïðè÷åì PP> = P = P>.
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Äîêàçàòåëüñòâî, ïðîäîëæåíèå

Áîëåå òîãî, (I − P)(I − P)> = I − P . Òîãäà

Q = σ2vM (I − P) (I − P)>M> = σ2vSS
>,

ãäå S ∈ Rm×N , S := M (I − P).

Òîãäà Q ≥ 0 è

D{θ̂LS} ≤ D{θ}
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Ñîäåðæàíèå

1 Ïðèìåð: Èäåíòèôèêàöèÿ ñèëû òðåíèÿ

2 Ìåòîä íàèìåíüøèõ êâàäðàòîâ. Äåòåðìèíèðîâàííàÿ çàäà÷à.

3 Ïðèìåð èñïîëüçîâàíèÿ ÌÍÊ äëÿ àïïðîêñèìàöèè

4 Ìåòîä íàèìåíüøèõ êâàäðàòîâ. Ñòîõàñòè÷åñêàÿ çàäà÷à.

5 Ïðîìåæóòî÷íûå èòîãè
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Ïðîìåæóòî÷íûå èòîãè

Äåòåðìèíèðîâàííàÿ çàäà÷à

Äëÿ çàäàííûõ X , Y òðåáóåòñÿ íàéòè íàèëó÷øóþ àïïðîêñèìàöèþ â

êëàññå ëèíåéíûõ ìîäåëåé Y = Xθ â ñìûñëå êðèòåðèÿ íàèìåíüøèõ

êâàäðàòîâ

V (θ) = (Y − xθ)>(Y − xθ).

Ãèïîòåçà: det(X>X ) 6= 0. Ðåøåíèå:

θ̂LS = (X>X )−1X>Y

ìèíèìèçèðóåò óêàçàííûé êðèòåðèé, ïðè ýòîì

V (θ̂LS) = Y>Y − Y>X (X>X )−1X>Y .

Àðàíîâñêèé Ñ.Â. Ìåòîä íàèìåíüøèõ êâàäðàòîâ Îñåíü, 2014 30 / 31



Ïðîìåæóòî÷íûå èòîãè

Ñòîõàñòè÷åñêàÿ çàä÷à

Äëÿ ìîäåëè

y(k) = x
>(k)θ0 + v(k)

òðåáóåòñÿ ñôîðìèðîâàòü íåñìåùåííóþ îöåíêó âåêòîðà ïàðàìåòðîâ θ0.
Ãèïîòåçû: E{v} = 0, (x>(k), v(k)) íå êîððåëèðóþò, D{V } = σ2vI.
Ðåøåíèå:

θ̂LS = (X>X )−1X>Y

ÿâëÿåòñÿ íåñìåùåííîé îöåíêîé, ò.å. E{θ̂LS} = θ0. Åñëè äîïîëíèòåëüíî

D{V } = σ2vI, òî
D{θ̂LS} = σ2v (X>X )−1

è îöåíêà θ̂LS ÿâëÿåòñÿ ýôôåêòèâíîé.
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